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A “bottom up” characterization of smooth Deligne-Mumford stacks 


Anton Geraschenko* and Matthew SatriamA 


In casual discussion, a stack A is often described as a variety X (the coarse space of X) 
together with stabilizer groups attached to some of its subvarieties. However, this description does 
not uniquely specify X, as is illustrated by Example[13l Our main result shows that for a large class 
of stacks one typically encounters, this description does indeed characterize them. Moreover, we 
prove that each such stack can be described in terms of two simple procedures applied iteratively 
to its coarse space: canonical stack constructions and root stack constructions. 

More precisely, if A is a smooth separated tame Deligne-Mumford stack of finite type over a 
field k with trivial generic stabilizer, it is completely determined by its coarse space X and the 
ramification divisor (on X) of the coarse space morphism X —> X. Therefore, to specify such a 
stack, it is enough to specify a variety and the orders of the stabilizers of codimension 1 points. The 
group structures, as well as the stabilizer groups of higher codimension points, are then determined. 

Recall that a /c-scheme U is said to have (tame) quotient singularities if it is etale locally a 
quotient of a smooth variety by a finite group (of order relatively prime to the characteristic of k). 
The coarse space of a smooth tame Deligne-Mumford stack has tame quotient singularities. We say 
that an algebraic stack y has (tame) quotient singularities if there is an etale cover U — > T, where 
U is a scheme with (tame) quotient singularities. As explained in the next section, we can associate 
to every such stack a canonical smooth stack T can over y. Also discussed in the next section, for 
an effective Cartier divisor C on a stack Z and a positive integer n, there is a universal morphism 
to Z which ramifies to order n over C, called the n-th root of C, denoted vjcjz (or \[CjZ if there 
is no confusion about what n is). 

Theorem 1 . Let X be a smooth separated tame Deligne-Mumford stack of finite type over a field k 
with trivial generic stabilizer. Let X denote the coarse space of X , D C X the ramification divisor 
of the coarse space map it: X —>• X, and T> C A can the corresponding divisor in A can . Let e* be the 
ramification degrees of ir over the irreducible components Vi of V, and let \JV/X C!m denote the 
root stack of A can with order e* along V, t . Then \/Vj A can has tame quotient singularities and 7r 
factors as follows: 

X = y / V/X^ Can yjv/x c ™ -»■ A can A'. 

Moreover, if D is Cartier (so that D jX is defined), then \JD jX has tame quotient singularities 

and 7r factors as follows: 

X = yjD/X C ™ -> y/D/X -> X. 

Remark 2. For X with non-trivial generic stabilizer, Theorem [T] can be combined with |AQV081 
Theorem A.l], which shows that A is a gerbe over a smooth stack with trivial generic stabilizer. 
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Remark 3. In the statement of Theorem |T] there are several ways one can construct \JT> )X C!m . 
For example, it can be constructed as an iterated sequence of root stacks along the irreducible 

components ^Vm/... e ty / 'Z^/X can . Alternatively, if say e\ =&?.■, one can combine the two steps 

of rooting along V\ and V 2 into a single step %/(Fh U V2) / X can . As noted in the last paragraph 
of [FMN10 , §1.3b], these two stacks are not isomorphic. However, the proof of Theorem |T] shows 
that both have tame quotient singularities and their canonical stacks are isomorphic. 

Remark 4. The proof we present can be applied if k is an arbitrary regular excellent base, but we 
work over a field for clarity. See [ Visj for the construction of canonical stacks in this case. The 
remainder of the proof applies directly. 
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Background and preliminary results 

The first stack-theoretic construction we employ is that of canonical stacks. If A is a finite type 
algebraic space, then [Vis89l 2.9 and the proof of 2.8] shows X has tame quotient singularities if 
and only if X is the coarse space of a smooth tame Deligne-Mumford stack. Moreover, in this case 
there is a smooth tame Deligne-Mumford stack A can with coarse space X such that the coarse 
space morphism A can —>• X is an isomorphism away from codimension 2. We refer to X can as the 
canonical stack over X. 

Remark 5 (Universal property of canonical stacks [FMNlOl Theorem 4.6]). Suppose A is a smooth 
Deligne-Mumford stack with coarse space morphism n : X — > X which is an isomorphism away from 
a locus of codimension at least 2. Then X is universal (terminal) among smooth Deligne-Mumford 
stacks with trivial generic stabilizer and a dominant codimension-preserving morphism to X. 

This universal property is stable under base change by etale morphisms (or any other codimension¬ 
preserving morphisms). That is, for U —> X etale, X can Xx U is the canonical stack over U. By 
descent, every algebraic stack y with tame quotient singularities has a canonical stack y can and a 
coarse space morphism 7 r : y can —>• y which is an isomorphism away from a set of codimension at 
least 2. 

The second stack-theoretic construction we employ is that of root stacks (see jFMNlOl §1.3] for 
a brief introduction). Given an effective Cartier divisor C on a stack Z and a positive integer n, the 
n-th root ofC, denoted yJC / Z, is the Z- stack which is universal (terminal) among all ^-stacks for 
which C pulls back to n times another divisor. Explicitly, the root stack is given by the cartesian 
diagram below. Recall that C defines a morphism Z —> [A 1 /G m ] since [A 1 /G m ] parameterizes line 
bundles with sections (i.e. effective Cartier divisors). 

VCjz -»[AVG m ] 

A n 

-Z--—5- [A 1 /G m ]. 
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Here, the n-th power map ~n: [A 1 /G m ] —> [A 1 /G m ] takes a line bundle with section (L,s) to 
(L® n ,s® n ). 


Lemma 6. Root stack morphisms and canonical stack morphisms have affine diagonal. 

Proof. To check that root stack morphisms have affine diagonal, it is enough to show that the n-th 
power map [A 1 /G m ] —> [A 1 /G m ] has affine diagonal. Since this can be checked smooth locally on 
the target, and [A 1 //^] = A 1 Xui/g m i [A 1 /G m ], the result follows. 

We next consider canonical stack morphisms. Note that if if is a finite group acting on an affine 
variety U, then the coarse space map [U/H] —> U/H has affine diagonal. Since all canonical stack 
morphisms have this form smooth locally on the target, they have affine diagonal as well. □ 

Lemma 7. Suppose f: X —>■ y is a morphism of algebraic stacks, and Z —» y is a surjective locally 
finite type morphism. Then f is representable if and only if fz : X Xy Z —» Z is representable. 

Proof. By |Con07l Corollary 2.2.7], a morphism is representable if and only if its geometric fibers 
are algebraic spaces. Since Z —> y is locally finite type, the geometric fibers of / and fz are the 
same. □ 

Lemma 8. LetU be a separated Deligne-Mumford stack with trivial generic stabilizer. IflA is etale 
over its coarse space, then U is an algebraic space. 

Proof. It suffices to look etale locally on the coarse space of U. We can therefore assume U = [V/K], 
where V is an algebraic space and K is the stabilizer of a geometric point v of V by [AV021 Lemma 
2.2.3 and its proo£[- Then the composition V —> \V/K\ —> V/K is etale, so K acts trivially on 
every jet space of v by the formal criterion for etaleness. On the other hand, K acts faithfully on 
some jet space of v by the proof of KIIKV 01. Proposition 4.4] (smoothness is not needed). Thus, 
K is trivial, so U = V is an algebraic space. □ 

Corollary 9. LetU and y be smooth separated tame Deligne-Mumford stacks. Suppose a morphism 
g: U —>• y is birational, and the ramification locus in U is of codimension greater than 1. Then g 
is representable and etale. 

Proof. By Lemma 0 we can replace y by an etale cover, and so can assume y = Y is a scheme. 
Then U has trivial generic stabilizer and g factors through the coarse space U of U. 

We show that the induced map g'.U —> Y is unramified in codimension 1. Let u £ U be a 
point of codimension 1 and let y £ Y be its image in Y . Being the coarse space of a smooth tame 
Deligne-Mumford stack, U has tame quotient singularities. In particular, it is normal, and so 0u,u 
is a discrete valuation ring. If V —> U is an etale cover and v £ V is a point of codimension 1 which 
maps to u, then 0y,v is unramified over 0y,y by hypothesis. Since ramification indices multiply in 
towers of discrete valuation rings, we see that 0u,u is unramified over 0y,y as well. 

Now we have that U is normal, Y is smooth, and g is dominant and unramified in codimension 
1, so the purity of the branch locus theorem jSGAl; Expose X, Theorem 3.1] shows that g is etale. 
Similarly, V —> Y is a map between two smooth varieties which is dominant and unramified in 
codimension 1, so it is etale by purity. It follows that g is etale. Since g and g are etale, the coarse 
space map U —> U is etale, and hence an isomorphism by Lemma [HJ This proves representability 
of g. □ 


1 In the proof of [AV02I , Lemma 2.2.3], the group T is the stabilizer of the xo- 
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Corollary 10. Let f: X —»• y be a morphism of smooth separated tame Deligne-Mumford stacks 
with trivial generic stabilizers. If f is unramified in codimension 1 and induces an isomorphism of 
coarse spaces, then f is an isomorphism. 

Proof. Let n: y —> Y be the coarse space of y. By assumption, the composition n o f: X —> Y 
is a coarse space morphism. Since X and y have trivial generic stabilizers, these coarse space 
morphisms are birational, so / is birational. Since X and y are proper and quasi-finite over Y 
[Coni Theorem 1.1], / is proper and quasi-finite. Since / is unramified in codimension 1, it is 
representable by Corollary [9j Zariski’s Main Theorem [FMNlOl Theorem C.l] then shows that / 
is an isomorphism. □ 


Proof of Theorem |T] 


By the universal property of canonical stacks (Remark [5]), the coarse space morphism 7r: X — > X 
factors through the canonical stack. Since X can -a X is an isomorphism away from codimension 2, 
we have that T> is the ramification divisor of the map n: X —» X can . 

Let T>i be the irreducible components of T> and suppose n is ramified over T> t with order e,. 
Then y = \JT>/X can is obtained from X can by taking the e,;-th root along T>i for all i. By the 
universal property of root stacks, we have an induced morphism g : X y. 

Note that each e* is relatively prime to the characteristic of k, indeed, this can be checked etale 
locally on X, so we may assume X is a quotient of a smooth scheme by a finite group G which 
stabilizes a point [ IAV021 Lemma 2.2.3 and its proof]. The ramification orders are then orders of 
subgroups of G, which are relatively prime to the characteristic of k since X is assumed to be 
tame. Since the are prime to the characteristic of k, y is a tame Deligne-Mumford stack. Since 
y — > X can ramifies with order e* over P, and ramification orders multiply in towers of discrete 
valuation rings, we have that g is unramified in codimension 1. 

Let IA C x can be the complement of the singular loci of the T> t and the intersections of the T> t . 
The restriction of T> to IA is a simple normal crossing divisor, so the open substack y Xx can IA of 
y is a smooth Deligne-Mumford stack by (FMNlOl 1.3.b(3)]. By Corollary 1101 g restricts to an 
isomorphism of open substacks X Xx can U -A y Xx can IA. These open substacks have complements 
of codimension at least 2, so g is Stein (i.e. g*0x — 0y). 

By Lemma El y —> X has affine diagonal. As 7r: X —> X is a coarse space morphism of a tame 
stack, it is cohomologically affine (AQV08 , Theorem 3.2], Since X is separated, X is separated 
[Coni Theorem 1.1], and so X has quasi-affine diagonal. By |Alp08 Proposition 3.14], g: X —> y is 
cohomologically affine. As g is Stein and cohomologically affine, it is a good moduli space morphism, 
so it is universal for maps to algebraic spaces |Alp08 Theorem 6.6]!, so it is a relative coarse space 
morphism. Since X is smooth and tame, it follows that y has tame quotient singularities. Since g 
is an isomorphism away from codimension 2, it is a canonical stack morphism by Remark [5] This 
completes the proof that n factors as X = yjV /X canCan —y yjT>/X can X can —> X. 

If D is Cartier, then the above proof may be modified by replacing X can by X, V by D, 
and removing the singular locus of X from U. The modified proof shows that n factors as X = 
y/. dJx * an -)■ y/DjX -> X. 


2 Technically, this is not a direct application of |Alp08| Theorem 6.6], as Alper’s result assumes y is an algebraic 
space. However, since algebraic spaces are sheaves in the smooth topology, this property may be checked smooth 
locally on y. Good moduli space morphisms are stable under base change by |Alp08[ Proposition 4.7(i)], so we are 
reduced to the case when y is an algebraic space. 
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In this section, we provide a representation-theoretic description of the factorization of the coarse 
space morphism for stacks of the form X = [V/G], where V is a vector space over k on which an 
abstract finite group G acts linearly. Since every separated Deligne-Mumford stack is etale locally 
a quotient by the stabilizer of a point [AV021 Lemma 2.2.3 and its proof] and smooth /c-varieties 
with group actions have equivariant etale morphisms to their tangent spaces, this approach actually 
provides an alternative proof of the theorem, but we omit those details here. 

Theorem 11. Suppose X = [V/G], where V is a vector space over k on which an abstract finite 
group G acts linearly and faithfully. Let H C G be the subgroup generated by pseudoreflections of 
V, and H' C H be its commutator subgroup. Then the factorization of the coarse space morphism 
in Theorem [7] is 

X = ^V/X^ can -> yjv/x can -> X can -> X 

\V/G\ -♦ \{V/H')/{G/H')\ -> [(y/H)/{G/H)} -> V/G 


Proof. Note that for a finite group K acting linearly on a vector space U, the coarse space morphism 
[U/K] —> U/K is a canonical stack morphism if and only if K acts without pseudoreflections. 

By the Chevalley-Shephard-Todd theorem, V/H is a vector space. Moreover, G/H acts lin¬ 
early on V/H without pseudoreflections. Therefore [(V/H)/(G/H)] V/G is a canonical stack 

morphism. This is the usual construction of the canonical stack. 

The action of H' on V has no pseudoreflections since commutators act with determinant 1, 
and pseudoreflections do not. Therefore [V/H 1 ] —> V/H' is a canonical stack morphism. Since 
(V/H') —> [(V/H')/(G/H')\ is an etale cover, and the property of being a canonical stack morphism 
can be checked etale locally on the target, [V/G] —>• [(V/H’)/(G/H')\ is also a canonical stack 
morphism. 

It remains to show that [(V /H')/ (G/ H')\ —> {(V/H)/(G/H)\ is a root stack morphism. Since 
this is a property which can be checked etale locally on the target, it suffices to show that 
[(V/H')/(H/H')\ V/H is a root stack morphism. 

For any pseudoreflection hyperplane W, let H ■ W be the set of H -translates of IV. For each 
hyperplane U in this orbit, choose a linear function £jj which vanishes on U, and let fn-w = 
FI ugh-w^u- The vanishing locus of fn-w is //-invariant, so H acts on fn-w by some character 
XH W of H. 

Given a pseudoreflection r € H, we can break H ■ W up into r-orbits. We analyze the contribu¬ 
tion of each of these cycles to XH-w( r )- If a hyperplane U in H ■ W is fixed by r, then either r is a 
pseudoreflection through U (in which case r(£jj) = det(r) -1 ■ £jj) or r is a pseudoreflection through 
a plane perpendicular to U (in which case r(£jj) = £jj). Now consider the case where U is not fixed 
by r, letting Ui = r l (U). Since U is not fixed by r, £jj has non-zero components in both W and 
W 1 , so {Go, U \,..., G or( j( r )_i} are distinct hyperplanes. Since r(£jjf) is a linear function vanishing 

on Ui + 1 , we have that r(£uf) = a* ■ £u i+1 for some constant a*. We have that r acts on 
b y nS (r> V- 0n tlle other hand, 4/ ordM = t Uo = r ocdM (fo 0 ) ^ 1 a i) /, 


ird(r) 5 


SO 


n‘=r 1 ai = 1. Summing up, if r is a pseudoreflection through a hyperplane in H ■ IV, then 
XH-w{r) = det(r) -1 ; otherwise XH-w ( r ) = 1 - 
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Let W\, ..., Wk be //-orbit representatives (so every pseudoreflection hyperplane is in the H- 
orbit of exactly one of the W t ), and ri, ..., be primitive pseudoreflections through the Wi, of 
orders e\, ..., e*,, respectively. We then have that the map H/H' —> /r ei x • • • x y ek induced by 
Xh-Wi x x XH-Wk is an isomorphism. 

Let V/H = Spec(%i,... ,g n ]). Then we claim that V/H' = Spec(%i ,..., g n , Ih-w -,, • • -,fH-w k ])- 
Note first that each fn-w, is //'-invariant, since H acts on it by the character xh-Wh an d H' is 
in the kernel of any character. To see that this is the full ring of //'-invariants, note that any 
//'-invariant function is a sum of /////'-semi-invariant functions, so it suffices to show that any 
H/H'- semi-invariant function / is in this ring. If each r* acts trivially on /, then / is //-invariant, 
so it is some polynomial combination of the gj. If acts non-trivially on /, then / must vanish 
along Wi. Since / is //'-invariant, all the conjugates of r* must also act non-trivially on /, so / 
must vanish along all of H ■ Wi, so it must be divisible by /h-Wh and f /fn-w,, is //'-invariant. By 
induction on the degree of /, it is a polynomial in the gj and fn-Wi- 

We therefore have an Z//Z/'-equivariant closed immersion of V/H' into A n+k , where g, ei acts 
only on the (n + i)-th coordinate. The following diagram is cartesian: 

[{V/H') / {H/H')] -r [A n+k / {H/H')\ 

V/H -> A n+k /{H/H') 

Since each g ei acts on only one coordinate of A n+k , the right vertical arrow is a root stack 
morphism ramified to order ej along the (n + z)-th coordinate hyperplane. It follows that the 
left arrow is a root stack morphism ramified to order along the divisor which is the image of 
H ■ Wi. □ 

Remark 12. The proof of Theorem I 111 shows that for a quotient stack X = [U/G\, the ramification 
divisor of the map [U/G] —>■ U/G is the image of the pseudoreflection divisors, and the ramification 
degrees are the orders of the pseudoreflections. 


Examples, Counterexamples, and Questions 

We begin this section by showing that the casual description of a stack X as a variety X together 
with stabilizer groups attached to some of its subvarieties does not uniquely specify X. 

Example 13 (Different stacks with the same coarse space and stabilizers). We work over a field k 
with char{k) 2. 

1. {Smooth separated stack) Consider the action of Z/2 on A 1 given by s t-> — x. The quotient 
X = [A 1 /(Z/2)] is a smooth separated Deligne-Mumford stack with trivial generic stabilizer. 
Its coarse space is X = A 1 (with coordinate x 2 ) and it has a single Z/2 stabilizer at the origin. 

2. {Singular separated stack) Consider the singular Deligne-Mumford stack X given by the quo¬ 
tient of the axes in A 2 by the Z/2-action {x,y) {y,x). The coarse space of X is also A 1 

(with coordinate x + y) and the stabilizer at the origin is Z/2. 
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3. ( Smooth non-separated stack ) Let G be the non-separated affine line. We can think of G as 
a group scheme over A 1 via the natural map G —> A 1 . The stack BG has coarse space A 1 
and a stabilizer of Z/2 at the origin. Note that BG is a smooth Deligne-Mumford stack with 
trivial generic stabilizer, but is not separated (its diagonal isn’t separated, so not proper). 
Note also that the map BG —> A 1 is a coarse space morphism (i.e. it is a universal map from 
BG to an algebraic space, and is bijective on geometric points), but not a good moduli space 
morphism since it is not cohomologically affine. o 

In the next example, we illustrate Theorem |Tj with X = [A n / S n ]. 

Example 14- Consider the stack X = [A”/^], where the 5 n -action permutes the coordinates, over 
a field whose characteristic is prime to n\. The coarse space is X = A n , with coordinates given by 
the elementary symmetric functions. The S^-action is generated by pseudoreflections corresponding 
to transpositions; since all transpositions are in the same conjugacy class as (1 2 ), the ramification 
locus of the coarse space map X —> X is given by (x\ — X 2 ) fl k[x\,... ,x n ] Sn , which is generated 
by the descriminant A := — Xj) 2 , and the order of ramification is 2 (see Remark 1121) . The 

ramification divisor DCJfis given by expressing A in terms of the elementary symmetric functions. 
Up to sign, this is given by the resultant of / and /', where f(x) = x n — e\x n ~ x + • • • + (— l) n e n is 
the polynomial with the elementary symmetric functions as coefficients. 

Since the action of S n on A n is the sum of the trivial and standard representations of S n , the 
features of this example are all present if one restricts to the vanishing locus of e\ = x\ + ■ ■ ■ + x n , 
the first elementary symmtric function. In this case, the coarse space of [A n ~ 1 /S' n ] is A n ~ 1 = 
Spec/c[e 2 ,..., e n \, the ramification divisor is given by the discriminant of f(x) = x n + e 2 X n ~ 2 + 
• • • + (—l) n e n , and the ramification order is 2 . o 

Example 15 (Square root of the cuspidal cubic). In this example, we construct the smooth stack X 
with coarse space A 2 = SpecC[o, b] so that the ramification divisor is the cuspidal cubic D = V (a 3 — 
b 2 ) with ramification order 2. The coarse space is already smooth, so it is equal to its canonical 
stack. The square root of the cuspidal cubic is \JD j A 2 = [Y/(Z/2)], where Y = Spec C[a, b, t\/(b 3 — 
a 2 — t 2 ) is the ^-singularity, and Z/2 acts as f H —t. The canonical stack of Y is y can = 
[(SpecC[x,y])/(Z/3)] where the Z/3-action is given by (x,y) >->• ((x,( 2 y) with ( a third root of 
unity. The relation between the x. y coordinates and the a, b , t coordinates is x 3 = a+ti, y 3 = a — ti, 
and xy = b. We see that the Z/2-action on Y fixes xy and swaps x 3 and y 3 . It therefore lifts to 
an action on A 2 swapping x and y. Together with the Z/3-action, this lifted Z/2-action generates 
an action of S 3 on A 2 . This S' 3 -action is the unique 2-dimensional irreducible representation. We 
therefore see that X = [Y/(Z/2)] can = [y can /(Z/2)] = [A 2 /^]. This is the n = 3 case of Example 

M o 

Remark 16. The above example can be done over R instead of over C, but since R has no primitive 
cube root of unity, the stabilizer of the origin is (Z/2) x /X 3 , a twisted version of S 3 . To get a 
stabilizer of S 3 , one would square root the cuspidal cubic given by the discriminant A = 4o 3 — 27 b 2 . 

Example 17 (Reducible ramification divisor without simple normal crossings). Let k be a field with 
primitive 4-th roots of unity and with char(/c) 7 ^ 2. Consider D C A 2 defined by y(x 2 — y) = 0. 
Then \JD/ A 2 = [Y/(Z/2)] where Y = Spec k[x,y,t\/(y 2 — x 2 y + t 2 ) and Z/2 acts as f ^ —t. 
Letting z = y — |x 2 , we see that the defining equation of Y is \x 4 = z 2 + t 2 . After a further 
change of coordinates u = 2 (z + ti) and v = 2 (z — ti ), we see that Y is the ^-singularity defined 




by the equation x 4 = uv. In these coordinates, the Z/2-action on Y fixes x and swaps u and v. 
Since Y is the ^-singularity, Y can = [A 2 /(Z/4)] where Z/4 acts on A 2 by (a, b) H>■ [ia, —ib). The 
relation between the a, b coordinates and the x,u,v coordinates is given by x = ab, u = a 4 , and 
v = 6 4 . Note that the Z/2-action on Y lifts to A 2 by swapping a and b. With the action of Z/4, 
this generates an action of the dihedral group Dg, and so yjD/ A 2 = [A 2 /Z?s]- This argument 
generalizes to show that y/V(y(x n — y))/K 2C&1 ' = [A 2 /Z? 4 n ]. o 

Example 18 (Singular coarse space). Let X = Spec A :[a,b,c\/(ab — c m ) be the A m _ i-singularity and 
let D C X be a Weil divisor which generates the class group of X. The canonical stack is X can = 
[Spec (k[x, y])/y m \ where the action is • ( x,y ) = ((x,( ~ 1 y), with (a, b, c) = (x m , y m , xy). D lifts 
to the divisor [V(x)/y m \. The root stack y/V/X can is then 

\J \V (x) / n m \ / [Spec k[x,y\/n m \ = [y/V(x )/Spec k[x, y\/y m \ = [[Spec (k[x,y,t]/(x-t n ))/y n ]/y m ] 

where y n acts as C • (x,y,f) = (x,y,0). This stack is the quotient [Spec(fc[y, t})/n mn \, where the 
action is / • (y,t) = ((~ 1 y,( m t). o 

Given a smooth separated Deligne-Mumford stack X with trivial generic stabilizer, we can asso¬ 
ciate to it the tuple (X, Di , e*), where X is its coarse space, the Dj are the irreducible components 
of the ramification divisor of the coarse space map ir : X —$■ X, and e* is ramification degree of 7 r 
over Di. Although our main result shows that X is characterized by (X, Dj, e,), we now show that 
not every tuple (A1, Dj,ej) arises in this manner. 

Example 19 (Not every tuple (X,Dj,ei) arises). Consider the cone D = V(xy + z 2 ) in X = A 3 . 
Taking the square root of X along D yields a stack y with a singularity of the form xy + z 2 = t 2 . 
This is isomorphic to the toric singularity xy = uv (with (u,v) = (t + z,t — z)), which is not a 
quotient singularity (and hence has no canonical Deligne-Mumford stack). It follows from Theorem 
[T] that there is no smooth separated Deligne-Mumford stack X with trivial generic stabilizer and 
coarse space X whose coarse space morphism X —» X is ramified over D with degree 2. o 

In light of this example, we ask: 

Question 1. Which tuples (X,Di,ei) arise in the manner described above? That is, given an 
algebraic space X with tame quotient singularities, a reduced Weil divisor D on X with irreducible 
components Di, and integers e* > 2, is there a smooth separated Deligne-Mumford stack X with a 
coarse space morphism X —> X ramified over Di with degree ? 

Remark 20. It suffices to answer Question |T] formally locally: which singularity types and ramifi¬ 
cation orders can arise for the quotient of a vector space V by a faithful linear action a finite group 
G? By Remark 1 121 the ramification divisors are the images of the hyperplanes of pseudoreflections, 
and the ramification degrees are the orders of the pseudoreflections. 

Example 21 (Even if {X,Di,ef) arises, (X, Di^nef) may not). Let D C A^ be the cuspidal cubic 
x 5 — y 2 = 0. The root stack yjD /X has a unique singularity, which is of the form x 3 — y 2 = z n . 
For n = 2,3,4, 5, this is a singularity of type A 2 , D 4 , Eq, and E$, respectively (see e.g. |Rei96l 
§4.2] for descriptions of these singularities) O In general, for n > 6 , the singularity x 3 — y 2 = z n is 

,! It is immediate that cc 3 — j/ 2 = z n is the A 2 , Ee, and Eg singularity for n = 2,4,5, respectively. To see that 
x 3 — y 2 = z 3 is the ^-singularity, make the coordinate change ( u , v) = {y/A/7(x + z), \/4/189 ^{z — x)). 
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not a quotient singularity; for 6 < n < 11, this singularity is elliptic jRei961 Exercise 18, Chapter 
4], Thus, (A 2 ,D,n) arises as the coarse space and ramification divisor of a smooth separated 
Deligne-Mumford stack for n < 5, but in general not for n > 6. o 

In light of this example, we ask: 

Question 2. If X has tame quotient singularities and D Cl is an irreducible divisor which does 
not have simple normal crossings, does ( X,D,n ) fail to arise for all sufficiently large n? 
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